Functionally graded material (FGM) can optimize the mechanical properties of composites by designing the spatial variation of material properties. In this paper, the stress distribution of functionally graded panel with a central elliptical hole under uniaxial tensile load is analyzed. Based on the inhomogeneity variation and three different gradient directions, the effects of the inhomogeneity on the stress concentration factor and damage factor are discussed. The study results show that when Young's modulus increases with the distance from the hole, the stress concentration factor decreases compared with that of homogeneous material, and the optimal design of r-FGM is better than that of x-FGM and y-FGM when the tensile load. In addition, when the associated variation of ultimate stress is considered, the choice of scheme to reduce the failure index is related to the strength-modulus exponent ratio. When the strength-modulus exponent ratio is small, the failure index changes with the index of power-law, which means there is an optimal FGM design. But when the strength-modulus exponent ratio is large, the optimal design modulus design is to select a uniform material that maximizes the modulus at each point. These research results have a certain reference value for further in-depth understanding of the inhomogeneous design for FGM.
Introduction
Functionally graded materials (FGM) are a class of composite materials that have smooth and continuous changes in material properties, thus reducing the stress concentrations in the conventional composite materials [1] . Since the concept of FGM was proposed by researchers in the late 1980s [2] , extensive research works have been carried out on it. Many review papers have systematically introduced and forecasted the different progress of FGM researches. Recently, Zhang et al. [3] introduced the development of the emerging additive manufacturing research on FGM. Xu et al. [4] reviewed the state of the art of energy absorption of FGM, and discussed the effects of the graded properties on the crashworthiness. Cramer et al. [5] proposed a review of functionally graded thermoelectric generators, which is considered to be an effective solution for the temperature bandwidth, current output range, and lifetime. Petit et al. [6] introduced the rationale for using FGM in the biomedical field, and reviewed the three main types of graded materials (eg., composition, porosity and microstructural graded ceramics). The mechanical problems of the FGM have also drawn much attention. The progress of the resistance of FGM to contact deformation and damage is In this paper, the stress distribution of FGM panels with a central elliptical hole under uniaxial tension load is analyzed, and the effects of the inhomogeneous properties on the stress concentration factor (SCF), failure index and damage factor are discussed. In Section 2, the problem description is given. Two inhomogeneous variations and three different gradient directions are proposed here. In Section 3, the stress problems due to a central elliptical hole for FGM with different forms of elastic modulus and different gradient direction are calculated, and the influences of the inhomogeneous characteristics of FGM on stress concentration, failure index and damage factor are analyzed in detail. The conclusion for this paper is given in Section 4.
Problem Description

We consider an isotropic and linearly elastic FGM panel with a central elliptical hole subjected to a uniform tensile traction, as shown in Figure 1a . The length and width of the rectangular panel are L and W, respectively, and the semi-major/semi-minor axes of the ellipse hole are a and b, respectively. In this paper, a finite-size rectangular panel is selected, and the left and right end are subjected to a tensile load σ 0 = P/(tW), where P is the value of the force, t is the thickness of the panel. Here, we use cylindrical coordinates (r, θ) and Cartesian coordinates (x, y) with origin at the hole center to describe this problem.
Section 3, the stress problems due to a central elliptical hole for FGM with different forms of elastic modulus and different gradient direction are calculated, and the influences of the inhomogeneous characteristics of FGM on stress concentration, failure index and damage factor are analyzed in detail. The conclusion for this paper is given in section 4.
We consider an isotropic and linearly elastic FGM panel with a central elliptical hole subjected to a uniform tensile traction, as shown in Figure 1a . The length and width of the rectangular panel are L and W, respectively, and the semi-major/semi-minor axes of the ellipse hole are a and b, respectively. In this paper, a finite-size rectangular panel is selected, and the left and right end are subjected to a tensile load
, where P is the value of the force, t is the thickness of the panel. Here, we use cylindrical coordinates (r, θ) and Cartesian coordinates (x, y) with origin at the hole center to describe this problem. 
Inhomogeneity Variation
Previous studies show that the effect of varying Poisson ratio on the stress distribution is negligible [34] . In this paper, we assume Poisson's ratio to be constant and set to be
In the study of mechanical problems of FGM, the problem is often analyzed by assuming that the material parameters satisfy a certain function form, which can simplify the complexity of the problem. In order to discuss the effect of the inhomogeneity of the FGM, we assume that the nodal values of Young's modulus satisfies the power-law inhomogeneous variation:
( ) ( ) Figure 1 . Schematic sketch of boundary value problem (a) a rectangle panel with an elliptical hole subjected to a uniform tensile traction; (b) three different gradient directions. The origin of the Cartesian and polar coordinates coincides with the center of the elliptical hole. In the case of the r-, x-and y-FGM symmetric property variations are shown.
Previous studies show that the effect of varying Poisson ratio on the stress distribution is negligible [34] . In this paper, we assume Poisson's ratio to be constant and set to be v = 0.25.
where E re f is the reference value of Young's modulus, γ is the modulus ratio, c is the index of power-law variation, Lg is the inhomogeneity length scale, φ is a simple function of (x, y).
In order to study the effect of different gradient directions, we assume the following forms for the function φ.
and three different gradient directions of FGM are shown in Figure 1b . For the power-law inhomogeneous variation, the gradient variation reflected by Equation (1) can be divided into the following two cases according to the different values of parameter c.
Case 1: When c > 0, for a finite panel problem, Lg can be set to half length of the rectangular panel. The material parameters at the center of the circle are satisfied:
and:
This gradient variation Equation (4) is consistent with the power-law gradient variation given in [33] .
Case 2: When c < 0, Lg can be set to be the semi-minor axis of the elliptical hole. For an infinite panel problem, the material parameters at infinity point satisfies:
when φ = r, this proposed gradient variation is consistent with that given in [34] . The above analysis shows that the gradient variation given in Refs. [33, 34] can be unified by the gradient variant expressed by Equation (1) in this paper.
Stress Concentration and Damage Factor
Here, we calculate the stress concentration of FGM with a central elliptical hole under uniaxial tension with different inhomogeneous parameters. Stress concentration factor K is defined as K = σ max /σ nom , where σ max is the maximum value of stress component along the x direction in a panel, and σ nom = P t(W−2r)
is the reference of stress value. For some materials, its elastic modulus and strength change with varying porosity and material density [36] . Among them, the strength and elastic modulus of the material satisfy the following relationship.
where factor δ is called the strength-modulus exponent ratio, and σ allow is the limit strength or maximum allowable stress at that point. By considering the associated variation of ultimate stress, a failure index Φ that accounts for both strength and stress is used for design purposes. Referring to the results of Ref. [36] , the failure index can be defined as follows:
where:
where σ 1 and σ 2 are the principal stresses at an arbitrary point in the panel, and σ 0 = P/(tW) is the value of the tensile stress. 
Results and Discussions
In this paper, the finite element method is introduced for the mechanical analysis of FGM. In order to describe the numerical simulations clearer, the parameter values used for in the following numerical simulations are given in Table 1 . 
Verification
Here, the comparisons between the proposed results and other results obtained in the previous researches are given to verify the correctness of the calculation program used in this paper. The stress concentration factors of the homogeneous rectangular panel with a central circular hole are analyzed. The stress concentration factors of a central single circular hole in finite width and infinite length panel can be calculated for tension load by the following theoretical formula [38] : 
Results and Discussions
Values
Verification
Here, the comparisons between the proposed results and other results obtained in the previous researches are given to verify the correctness of the calculation program used in this paper. 
Stress Analysis of FGM Panel without Hole
Based on the triangular element, the stress concentration problem of an FGM square panel, without a hole, is solved under uniaxial tension along the y-direction, and then the normal stress distribution is calculated. As shown in Figure 3 , the stress results are normalized by referring to the value of external tension load σ 0 along the x-direction. The normalized normal stress for the two configurations is shown in Figure 3 . Firstly, the problems raised by Ref. [35] is recalculated and the results are shown in Figure 3a . Here, a softening material means that Young's modulus is progressively decreasing away from the origin of the coordinates, and the hardening material means that Young's modulus gradually increases away from the origin of the coordinates. In this problem, the origin is located at the left or right end of the panel, Young's modulus adopts the exponentially variation and makes it varies along the x direction. The expression of Young's modulus is E(x) = E 0 exp x/L g and the size of the panel satisfies w/Lg = ±2.08. When the origin is located at the center of the panel, the problem proposed in Ref. [33] is resolved in Figure 3b . The expression of Young's modulus is E(x) = E 0 exp(|x|/Lg) and the size of the panel satisfies w/Lg = ±2.08. As can be seen from Figure 3 , the normal stress of the homogeneous panel without hole hardly changes with the change of the position of the x. For FGM panel, even if there is no circular hole defect, there is an inhomogeneous stress distribution in the panel. In Figure 3a , as Young's modulus varies monotonously along x, the stress first increases and then decreases, or first decreases and then increases. Young's modulus discussed in Figure 3b is symmetrical with respect to x = 0, so the distribution of normal stress is symmetrical along the x-axis and the maximum/minimum normal stress appears in the center of the panel. Moreover, the stress variation shown in Figure 3 varies smoothly and satisfies the global equilibrium in an integral sense as (σ 22 /w)dx = σ 0 . In general, the results in this paper are consistent with those in Refs [33, 35] , which proves the feasibility of the present calculation program.
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In general, the results in this paper are consistent with those in Refs [33, 35] , which proves the feasibility of the present calculation program. 
Stress Analysis of FGM Panel with a Circular Hole
The stress distribution near the hole of FGM panel with a circular hole under tension load along the x-direction are recalculated which is given in Ref. [34] . Young's modulus in this analysis is 
The stress distribution near the hole of FGM panel with a circular hole under tension load along the x-direction are recalculated which is given in Ref. [34] . Young's modulus in this analysis is E(r) = E re f 1 + γ 1 (r/a) c , Poisson ratio is v(r) = v re f 1 + γ 2 (r/a) c , and c = −5. Figure 4 shows that when the value of γ 1 is positive, the hoop stress on the hole surface reaches the maximum value at the point of x = a. Correspondingly, when the value of γ 1 is negative, the hoop stress on the hole surface reaches the minimum value at the point of x = a. However, the values of γ 2 have little influence on the stress results. In addition, the hoop stress decreases gradually as it moves away from the circular hole. When the value of y/a is close to 5, the stress reaches a stable value. As shown in Figure 4 , the new calculation results in this paper are in good agreement with those given in Ref. [34] , which confirms the reliability of the present calculation program.
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reaches the minimum value at the point of x = a. However, the values of 2 γ have little influence on the stress results. In addition, the hoop stress decreases gradually as it moves away from the circular hole. When the value of y/a is close to 5, the stress reaches a stable value. As shown in Figure 4 , the new calculation results in this paper are in good agreement with those given in Ref. [34] , which confirms the reliability of the present calculation program. γ > , the stress concentration factor can be reduced compared with that of homogeneous materials. Since the corresponding stress concentration factor becomes minimum when 1 γ = , the dimensionless Von Mises stress distribution are given in Figure 6 . It can be seen that the maximum value of the dimensionless Mises stress first decreases and then increases with the increase of c. The means there exists an optimal value of power law index because the stress distribution does not change monotonously with the increasing power law index. Figure 5b -d gives the stress concentration factor when the elastic modulus changes along the directions of r, x and y, respectively. As shown in Figure 5b -d, when γ > 0, the stress concentration factor K decreases first and then increases with the increase of c, and when γ < 0, the stress concentration factor K increases first and then decreases with the increase of c. In addition, it can be seen that when γ > 0, the stress concentration factor can be reduced compared with that of homogeneous materials. Since the corresponding stress concentration factor becomes minimum when γ = 1, the dimensionless Von Mises stress distribution are given in Figure 6 . It can be seen that the maximum value of the dimensionless Mises stress first decreases and then increases with the increase of c. The means there exists an optimal value of power law index because the stress distribution does not change monotonously with the increasing power law index. φ/a, E/E re f gradually decreases and finally tends to 1. When γ < 0, with the increase of φ/a, E/E re f gradually increases and finally tends to 1. It can be seen that when φ/a is large enough, the γ and c have little influence on E/E re f . Figure 7b shows the curve of stress concentration factor K for the r-FGM. As shown in Figure 7b , when the value of γ is positive, K increases significantly with the increase of the absolute value of c. When the value of γ is negative, K first decreases and then increases with the increase of the absolute value of c. The analysis shows that when γ < 0, the stress concentration factor can be reduced compared with that of homogeneous materials. Figure 8 shows the dimensionless Von Mises stress distribution when γ = −0.5 which corresponds to the smallest optimal value of the stress concentration factor. It can be seen that the maximum value of the dimensionless Von Mises stress shows a significant decrease with the increase of c. 
As can be seen from Figure 9 , the failure index Φ, which is the maximum value of the damage factor, always decreases with the increasing modulus ratio γ.
In addition, when δ < 0.2, for the case of γ = 1, the failure index Φ decreases rapidly and then tends to stabilize as the index of power-law increases. However, when δ > 0.3, for the situation of γ = 1, the failure index Φ shows a monotonously increasing trend as the index of power-law increases. Figure 10 shows the trend of the dimensional damage factor ψ with the index of power-law under optimal condition of γ = 1. It can be clearly seen that when δ = 0, the area of the FGM panel susceptible to damage (corresponding to the area shown by red in Figure 10a increases first and then decreases as the index of power-law increases, which is consistent with the result of γ = 1 in Figure 9a . And the value of the dimensional damage factor is minimized when c = 1.5, which means that the optimal anti-failure performance of FGM is achieved. When δ = 0.5, the damage factor increases slightly with the increasing power-law index, which is consistent with the result of γ = 1 in Figure 9f . , the failure index increases with the index of power-law, which means that the optimal design modulus design is to select a uniform material that maximizes the modulus at each point. This phenomenon is because the maximum allowable stress of the material is a function of strength-modulus exponent ratio and modulus. When the strength-modulus exponent ratio is small, the change of the material modulus has little effect on the limit strength. The optimal design is to reduce the absolute stress at each point by adjusting the material modulus distribution. When the strength-modulus exponent ratio is large, increasing the material modulus causes the corresponding limit strength to increase rapidly, and then the damage factor at each point can be rapidly reduced. So, when
Failure Index and Damage Factor
the solution is to select a uniform material that maximizes the modulus at each point. Similarly, the variations of the failure index with different strength-modulus exponent ratio for the x-FGM and y-FGM are given in Figure 11 . Here we still choose γ = −0.5, −0.3, −0.1, 0.2, 0.5, 1.0, which makes the material modulus at each point satisfy max{E(φ)}/min{E(φ)} < 2. From Figure 11 , it can be seen that, for the elliptical hole, the trend curves of r-FGM and y-FGM are basically the same. In addition, it can be seen that when δ = 0, the failure index changes with the index of power-law, there is an optimal functional gradient design function. When δ > 0.2, the failure index increases with the index of power-law, which means that the optimal design modulus design is to select a uniform material that maximizes the modulus at each point. This phenomenon is because the maximum allowable stress of the material is a function of strength-modulus exponent ratio and modulus. When the strength-modulus exponent ratio is small, the change of the material modulus has little effect on the limit strength. The optimal design is to reduce the absolute stress at each point by adjusting the material modulus distribution. When the strength-modulus exponent ratio is large, increasing the material modulus causes the corresponding limit strength to increase rapidly, and then the damage factor at each point can be rapidly reduced. So, when δ > 0.2 the solution is to select a uniform material that maximizes the modulus at each point. , the failure index increases with the index of power-law, which means that the optimal design modulus design is to select a uniform material that maximizes the modulus at each point. This phenomenon is because the maximum allowable stress of the material is a function of strength-modulus exponent ratio and modulus. When the strength-modulus exponent ratio is small, the change of the material modulus has little effect on the limit strength. The optimal design is to reduce the absolute stress at each point by adjusting the material modulus distribution. When the strength-modulus exponent ratio is large, increasing the material modulus causes the corresponding limit strength to increase rapidly, and then the damage factor at each point can be rapidly reduced. So, when
the solution is to select a uniform material that maximizes the modulus at each point. resistance is maximized. This optimization result can still be interpreted as the result of competition between the reduced stress value and the increase of the limit strength value. As shown in Figure 7a , this optimization result still shows that when 0.3 δ < , the optimal design is the modulus increasing with distance from the hole, and when
, the optimal design is to maximize the modulus at each point. Figure 12e ,f, when δ > 0.3, the failure index reaches a minimum at γ = 1, where the material damage resistance is maximized. This optimization result can still be interpreted as the result of competition between the reduced stress value and the increase of the limit strength value. As shown in Figure 7a , this optimization result still shows that when δ < 0.3, the optimal design is the modulus increasing with distance from the hole, and when δ > 0.3, the optimal design is to maximize the modulus at each point. resistance is maximized. This optimization result can still be interpreted as the result of competition between the reduced stress value and the increase of the limit strength value. As shown in Figure 7a , this optimization result still shows that when 0.3 δ < , the optimal design is the modulus increasing with distance from the hole, and when 0.3 δ > , the optimal design is to maximize the modulus at each point. 
Conclusions
In this paper, the effect of the inhomogeneous variation and gradient directions on stress concentration caused by a central elliptical hole in FGM panel under uniaxial tension load is analyzed.
The effects of inhomogeneous characteristic control parameters, such as modulus ratio, the index of power-law variation is considered. The conclusions can be given as follows: (1) When the index of power-law variation is positive, the stress concentration factor of FGM can be reduced compared with that of homogeneous materials. (2) When the tensile load is along the x axis, the optimal designs of r-FGM significantly better than that of x-FGM and y-FGM. (3) When the associated variation of ultimate stress is considered, the choice of scheme to reduce the failure index is related to the strength-modulus exponent ratio. When the strength-modulus exponent ratio is small, the failure index changes with the index of power-law, which means there is an optimal FGM design. But when the strength-modulus exponent ratio is large, the optimal design modulus design is to select a uniform material that maximizes the modulus at each point. These research results have a certain reference value for further in-depth understanding of the inhomogeneous design for FGM.
